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Аннотация. Многие задачи, связанные с оценкой потенциала 
и оптимизацией работы нефтяных и газовых скважин, требуют 
учета течения многофазного потока в обсадной колонне, 
насосно-компрессорных трубах и кольцевом пространстве.  
Успешное решение этих задач требует использования совре-
менных методов расчета характеристик многофазного потока 
в стволе скважины. 
Для достижения оптимальной стратегии в современной теории 
и практике разработки нефтяных месторождений необходимо 
проводить прогнозные расчеты добычи нефти на многомер-
ных, многофазных моделях пласта.  

Annotation. Many tasks related to potential 
assessment and performance optimization of 
oil and gas wells require taking into account 
the flow of multi-phase flow in the casing 
string, tubing and annulus.  
Successful solution of these problems re-
quires the use of modern methods for calcu-
lating the characteristics of a multiphase flow 
in a wellbore. 
To achieve the best strategy in modern theo-
ry and practice of oil field development, it is 
necessary to perform predictive calculations 
of oil production on multi-dimensional, multi-
phase reservoir models.  
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or the development of gas and gas-oil fields using horizontal wells, analytical calculation methods 
are required to determine the parameters of wells and the layers they penetrate [4]. One of the 

main problems here is the justification and choice of the technological mode of well operation. 
The process of mathematical modeling – the study of an object using a mathematical model - can be 

divided into four interrelated stages [1–3]: 
1.  Formulating in mathematical terms the laws that describe the behavior of an object; 
2.  Solution of the direct problem, i.e. obtaining by studying the model of output data for further com-

parison with the results of observations of the modeling object; 
3.  Adaptation of the model based on the results of observation, solving inverse problems, i.e. identify-

ing characteristics of the model that were left undefined; 
4.  Analysis of the model, its modernization as new information about the object under study is accu-

mulated, a gradual transition to a new, more advanced model [5, 6]. 
However, instead of obtaining a formula, we find solutions to simpler equations in the form of tables of 

numerical values, each of which refers to discrete points in space and time within the region. This is called a 
numerical solution [7]. 

To see what is included in the design of such a model, we reduce the reservoir and consider it as one 
of many within the reservoir boundaries, each of which is adjacent to the surrounding ones. Schematically, 
such a layer can be represented as follows (Fig. 1). 

The system of material balance equations for each block constitutes a mathematical model of the res-
ervoir. By segmenting the reservoir into a system of small blocks, it is possible to take into account the val-
ues of the properties of each rock and, thus, take into account the heterogeneity of the reservoir and its ani-
sotropy. 

The spatial change in the parameters of fluid properties can be divided into separate blocks and zones 
of the entire system. To describe the operation of wells, we add the appropriate source for injection or for 
withdrawal, terms to the conservation equation for the block in which the well operates. 

F 
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Figure 1 – Reservoir grid 

 

The blocks labeled «x» in Figure 1 are well blocks and the material balance equations have been 
modified for them. Since filtration through the internal boundaries of the block is allowed, one can also trace 
the movements of the fluid front, monitor changes in gas/oil, water/oil contacts, and determine dynamic 
changes in saturation and pressure distributions. 

In a numerical model, one can take two or more adjacent formations, determine rock properties, and 
allow flow from one block to another through adjacent faces. This constitutes a one-dimensional (1D) reser-
voir model. Similarly, this process can be extended to reservoirs where rock and filtration changes are al-
lowed in more than two and three dimensions, giving rise to the 2D and 3D models [8]. 

It is assumed that during isothermal flow, the fluids in the reservoir are at a constant temperature and 
in a state of thermodynamic equilibrium. In this case, the dependences of PVT (pressure - volume - tempera-
ture) are presented as functions of the dependence of volumetric coefficients on pressure: 
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Mass transfer between the oil and gas phases is described by the solubility coefficient: 
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Fluid density and pore volume are expressed as a function of pressure using an explicit or implicit 
equation of state. 

In equations (1) – (4) the following notations are accepted: 
f  – Phase index (o – oil, w – water, g – gas); Pf is the pressure in the f -th phase; Bf is the volume fac-

tor of the f-th phase; Vf is the volume occupied by a fixed mass of the oil, water, gas component; Vgf is the 
volume occupied by a fixed mass of the dissolved gas component in water or oil; stc are normal (standard) 
conditions on the surface; rc – reservoir conditions: Rsa – coefficient of solubility of gas in oil; t is time. 

The non-volatile oil equation is a system of equations that combines the Darcy equation of motion and 
the fluid mass conservation equation. The equation of motion (filtration rate) is described by Darcy's law: 
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The initial system of differential equations for the conservation of mass, taking into account equation 
(5), which describes a three-phase three-dimensional flow of fluid in a porous medium, has the form: 
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For a closed system (5-8), three additional relations are introduced: 

 1=++ sss gwo , (9) 

 

,

w
f

gcow o w
p p p s s

 = − =  
 

, (10) 

 

,

w
f

gc og g o
p p p s s

 = − =  
 

, (11) 

Notations in (5–11): 
f  – Phase index (o – oil, w – water, g – gas); k is the absolute permeability tensor of the porous medium;              

krf is the relative permeability for the f-th phase; λf is fluid mobility; Bf is the volume factor; γf is the specific gravity; 
h – depth relative to sea level, counting down the vertical; qf is the flow rate of the f-th phase, produced from a unit 
reservoir volume per unit time; Sf – reservoir saturation with the f-th phase; Rso is the coefficient of gas solubility in 
oil (water); pf is the pressure in the f-th phase; Pсgo is the capillary pressure in the oil-gas system; Pcow  – capillary 
pressure in the oil-water system; Uf is the flow rate of the f-th phase; Ф – porosity; t is time. 

For a complete formulation of the mathematical model, the original system of equations (5–11) must 
be supplemented with equations of state (PVT data). 

The main solution methods for the multiphase flow equation are Simultaneous Solution (SS), Implicit 
Pressure – Explicit Saturation (IMPES), Sequential Solution (SEQ) [9]. These methods can be used to solve 
the equation describing one-dimensional, two-dimensional, three-dimensional, two-phase (I = 2) and three-
phase (I = 3) flow problems. 

The goal of the IMPES (Implicit Pressure-Explicit Saturation) method [10, 11, 12] is to obtain the pressure 
equation for each grid cell by combining all the flow equations to eliminate the unknown saturation. To do this, the 
capillary pressure and conductivity must be explicitly estimated (in time layer n) or at the old iterative level k we 
use explicit processing. Therefore, the pressure equation is written for each cell of the grid n = 1, 2 ..., N, and the 
resulting equations of the system are solved, either directly or iteratively. For pressure distribution in the oil phase, 
the second step in the IMPES method involves an explicit solution for the unknown saturation. 

Equation (12) represents the final form for multiphase reservoir flow. 
The pressure equation for the three-phase fixed oil model (12) is general because it reduces to the 

pressure equation for the oil/water and oil/gas flow models.  
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where  Ψn  – the system of near blocks is connected to the grid cell n in a natural order; m is a member of 
the set cell of the grid Ψn; Bo is the oil volume factor; Bw is the volumetric coefficient of water; Bg is the volu-
metric coefficient of the gas; Rs – gas solubility: 
and 
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where  I – oil, water or gas; Ton,m  – phase conductivity of oil between grid-block n and m; Twn,m is the phase 
conductivity of water between the grid-block n and m; Tgon,m is the phase conductivity of the gas be-
tween the grid-block n and m; Po – pressure, 

where: 
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where  Cop – coefficient ∆t po during oil expansion; Cwp – coefficient ∆t po at water expansion; Cgp – coeffi-
cient ∆t po during gas expansion 
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where  Sw – water saturation; Cww – coefficient ∆t Sw for water expansion: 
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where  φ  – porosity  
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where  Sg – gas saturation; Cog – coefficient ∆tSg during oil expansion 
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∆ – difference, difference operator; γo – specific gravity of oil; Z – grid-block height; Cow – coefficient 
∆tSw during oil expansion;  
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Cwg – coefficient ∆tSg for water expansion; 0=Cwg ; Cgg – coefficient ∆tSg during gas expansion 
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where  I  – oil, water or gas. 
 
Conclusion 
The considered approach essentially removes all shortcomings of the material balance equation. Be-

cause fluid properties vary from point to point within a simple balance model, this is sometimes referred to as 
a zero-dimensional model. 

The pressure equation for the three-phase solid oil model is common because it reduces to the pres-
sure equation for the oil/water and oil/gas flow models. 
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